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Kowmnbrorepusrit maker: 1.1, Borganos.

Mertoauka 1 cucrema oueHUBaHUs (IPOBEPKU) PErMOHAIBLHOIO
stana Bcepoccuiickoil oimMnmaabl NIKOJIBHUKOB 10 MAaTEMAaTUKE
2011-2012 ygyebHOTO roja.

OusmMimaia poBoauTcs B 1Ba AHst (Typa) — 27 u 28 susaps 2012 ro-
Ja. 3aaHus KaxkJI0ro Typa cojiepKatT 1o 4 3aa9u Jijisi KasKJI0i BO3pacT-
HOI Tpynnbl. KakJiplil TYp OJIMMINaIbI JTUTCA 4 Jaca.

Pemmenne karxoii 3aa49u OEHUBAETCS TEJIBIM IHCJIOM 0aJiioB oT 0
J0 7. MakcumajibHOE KOJIMYeCTBO 0aJjIijioB, KOTOPOE MOXKET IIOJIy4IUTh
y4acTHUK, paBHO 56 (28 — I Typ, 28 — II 1yp).

3ajjaHus MaTEMATHIECKUX OJIAMITUA]T SIBJSIIOTCS TBOPYECKUMU, IO~
IIyCKAIOT HECKOJIbKO Pa3/IMYHBIX BAPUAHTOB pernenuii. Kpome Toro, Heob-
XOJIMMO OLEHUBATH YaCTUYHBIE IPOIBUKEHN B 3a1a9aX (HAIIpUMEp, pas-
60p BaXKHOIO CJIydasi, JOKA3aTe/IbCTBO BCIIOMOTATEILHOIO YTBEPKIEHUSI,
HAXOXKJIeHUe IIpuMepa u T.11.). HakoHel, BO3MOXKHBI Jiorudeckue u apud-
MeTndeckne omubku B pertennsx. OKOHUaTEebHBIE OAJIIBI MO 3ajade
JOJIKHBI YIATHIBATH BCE BBIIIEIIEPEIUCIEHHOE.

Huke npuBesnena crangapTHas METOIUKA OICHUBAHUS PEIICHUIA.



Banus! | IlpaBuiabHOCTh (OIIMOOYHOCTD) pelleHUs

7 ITotHOE BepHOE perieHUeE.

6-7 Bepnoe perrenne, Ho nmeroTcsi HeOOJIBINTE HEJIOUYETHI, B 11e-
JIOM He BJIMSIONIUE Ha PeIeHue.

5-6 Pemenne B niestom Bepuoe. OIHAKO OHO COIEPKUAT OIIUOKH,
JInbO TIPOIYINEHBI CJIydYau, HE BJIUSIONINE Ha JIOTUKY DPac-
CY2KJICHUIA.

34 B Tom ciry4ae, korma perrenne 3a/1a9u I€JIATCH HA IBE PAB-
HOIICHHBIE YaCTU — PELICHue OJIHOU U3 JacTei.

2-3 Jloka3zaHbl BCIIOMOTATEIbHBIE YTBEPKICHUS, [TOMOTAIONINE
B pelIeHny 3aJa9u.

0-1 Paccmorpennl oTaesbHbIe CIydan [MPU OTCYTCTBUU PeIlie-
HUS.

0 Pertenne neBepHOE, IPOABUKEHUS OTCYTCTBYIOT.

0 Pemtenne orcyrcrsyer.

Baxkno ormeruTsb, uro Jir000€ IMpPAaBUJIBHOE PEIeHHe OIEHUBAETCS B
7 6asoB. Hemorycrumo cHuMaTh Oajuibl 38 TO, UTO PEIEHHe CJIUITKOM
JUIMHHOE, WJIA 3& TO, YTO PEIeHNe IIKOJIbHUKA OTIMIAETCS OT IIPUBEIEH-
HOTO B JAHHOW METOINYIECKON paspaboTKe WU OT APYTUX PEIIeHui, n3-
BECTHBIX 2Kiopu. B T0 ke BpeMsi Ji000i CKOJIb YTOIHO JVINHHBIA TEKCT pe-
[IIEHNsI, He COIEPKAIUN [TOJIE3HBIX TPOJBUKEHUI, JTOJI2KEH OBITh OIleHEeH
B 0 GasLioB.

Huke npuBeersl OTBETHI U pelneHus 33189 OJIUMIINabl. B KOMMeH-
TapuaX K 33/1a9aM yKa3aHbl KDUTEPHUU OLleHUBaHMs (B 6asiax) HEKOTOPBIX
MIPEJIIOJIAraeMbIX OMIMOOK M YACTUIHBIX MPOJIBUKEHMIA. 3aMETUM, ITO Pa-
60Ta yJIaCTHUKA, IOMAMO IIPUBEIEHHBIX, MOXKET BKJIIOYATH JIPYTHE COIEP-
JKaTeJbHbIE ITPOJIBUKEHUsI, KOTOPbIE JOJIXKHBI OBITH OIEHEHBI IOIOJIHI-
TEJIBHO.

2Kenaem yenewnoti pabomot!

Asmopv, u cocmasumenu cOopHuKa

(© Asrops! u cocrasurenu, 2011
(© N.U. Borgamnos, 2011, maxer.
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YCJIOBUS U PEIIEHUS 3AJAY

9 kJ1acc

DoKyCHUK BBIKJIaabIBaeT 36 KapT B 6 cTOIOIOB 10 6 KapT U IIPOCHUT
3puTess MBICJEHHO BBIOPATh KapTy W 3allOMHUTHL CTOJIOEI, €€ Co-
nepxammuii. [Tocae sTroro PokycHUK ONpPeaeTEHHBIM 00pa3oM coOu-
paeT KapThbl, CHOBA BBIKJ/IAJIbIBAECT B BUJle KBajpaTa 6 X 6 u mpocut
3puresist Ha3BaTh HOMePa CTOJIONOB, COAEPKAIINX BHIOPAHHYIO Kap-
Ty B mepBbIil U BrOpOit pa3. Ilocste orsera 3purens PokycHuk Ge3-
omubouno orrajibiBaeT kKapry. Kak geiicrBoBars QOKyCHUKY, 9TOOBI
POKyC TapaHTUPOBAHHO YJIAJICS ! (/1. Emenvanos)

Pentenne. Ilycrs QokycHUK ITOCTE MIEPBOTO AEHCTBUS HE Ta-
cyeT KapThl, a cOOMpaeT nX, He HAPYINasl MOPAIOK B CTOJIONAX, 1
CKJIaJIbIBAET B KOJIOJy OJIMH CTOJIOEIl 3a JpyruM. Bropoit pas ou
BBIKJIABIBAET KAPThI IOCTPOYHO, T.€. OBIBIIIHE CTOJIOIBI CTAHOBSIT-
Csl CTPOKAMHU (9TO HETPY/HO CIEJATh, BBIKJIAJbIBAs TY YK€ KOJOIY
no ropusonTasu). [locse orsera 3puressi, PoKyCcHUK 3HAET HOMED
CTPOKH ¥ CTOJIOIA B IIEPBOU paCKJIAJIKe, COJEPKAIIUX 3araJaHHyIO
KapTy, 9TO U [03BOJIsIEM €My Ha3BATh €€.

3ameuanue. llpuBenEHHBIA aIrOpUTM — HE €IUMHCTBEHHBIA
BO3MOXKHBIA.

KommenTapwuit. Bepuoiit anroputm 6e3 000CHOBaHUS WU C
HeBepHBIM 00oCcHOBaHmeM — 4 OaJiia.
Yucsa a u b Takosbl, uto a’ — b® = 2, a® — b° > 4. Jlokazkure, 410
a? + b2 > 2. (4. Bozdanos)

Perrenne. 3amvernm, aro 2(a® 4 b%) = (a? + b?)(a® — b3) =
= (a® — b°) 4 a®b*(a — b) = 4 + a®b*(a — b). [ockombky a3 > b3,
MBI mMeeM a > b, a sHaunt, a?b?(a — b) > 0. Urax, 2(a® + b?) > 4,
OTKYJIa U CJIeJIyET yTBEPXKJICHUE 33/ Ia9H.
Ha cropore AC' tpeyronbanka A BC' orMeTHuIn TPOU3BOIBHYO TOU-
Ky D. Ilycts F u F' — TOUKHU, CHMMETPUYIHbIE TOUKe [) OTHOCUTE/Th-
1o 6uccekrpuc yrioB A u C' coorBercTBenHoO. JloKaxKuTe, ITO cepe-
nuna orpeska EF mexut na npsmoit AgCp, tae Ag u Cy — Toukn
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KacaHusl BIMCAHHON OKpYKHOCTU Tpeyroabunka ABC' co cropona-
vmu BC' u AB cOOTBETCTBEHHO. (T. Emervanosa)

Pentenne. Ilycts M — cepenu- B
na orpeska FF, Bg—Touka Kaca-
HUsl BIUCAHHON OKPY2KHOCTH CO CTO-
poroit AC. Mo)KHO cIUTaTh, YTO TOU-
ka D jexkur Ha orpeske ABy. Tou-
ku Ag n Cy cummerpudanbl Touke By
OTHOCUTEJILHO Ouccekrpuc yrioB C
n A coorBercrBenno. CremnoBaTesb-
HO, TouKa F jexur Ha orpeske ACy, —e
a ToYKa F — Ha IPOJOJIKEHIH OTPEe3- A D Bo ¢
Ka CA(), u ECO = DBO = FA(). Puc. 1

Ormernm Ha mpsimoit AgCy Touky G Tak, 910661 0Tpe3kun F'G
n AB 6butn napasiensabl. Torma Tpeyroasuuku FGAg u BCyAg
mo1o6Hbr; MockoMbky BCy = BAg, nonydaem FG = FAy = ECy.
Hastee, u3 mapasutenbaoctu umeeM /FEC)y = /ZEFG u LZEC)G =
= LFGCy. 3nagnt, tpeyrosasauku ECoM n FGM paBubl 110 cTO-
poue u aBym yriam, u EM = MF.

KommenrTapwuii. Jlokazano Toibko, 9To Touku F un F' jexar
Ha npssMbix AB u BC' coorBercTBerHO — () OAJLIOB.

Jokazano, ato CoFE = AgF — 2 6ana.

Han kBanpar n X n. 3HavaabHO €ro KJIETKH PACKPAIIEHbI B OesIblit
1 IEPHBI I[BETA B ITAXMATHOM IOPSIIIKE, IIPUIEM XOTsT ObI OJIHA U3
YIJIOBBIX KJIETOK YEpHAs. 3a OJIMH XOJ PA3PEIIaeTCs B HEKOTOPOM
KBaJipaTe 2 X 2 OJHOBPEMEHHO IEPEKPACUTH BXOISIIIE B HErO e-
TBIPE KJIETKU IO CJIEIYIOMIEMY ITPABUIIY: KaXKIyio OesIyio mepekpa-
CUATH B YEPHBIN IIBET, KarK/IYI0 YEPHYIO — B 3€JIEHBIN, a KaKIyIo 3e-
JiéHy1o — B Oestbiit. [Ipu Kakux m 3a HECKOJBKO XOJOB MOYKHO IIO-
JIVIUTD MAXMATHYIO PACKPACKY, B KOTOPOI YEpHBIIl u Oesiblil 11BeTa
ITOMEHSIJINCh MECTAMU ! (B. Tpywumn)

Orser. IIpu Bcex n, KpaTHBIX TPEM.

Pemnenne. Ilpeamnonokum, 910 HaAM yAaaoCh IEPEKPACHTH
KJIETKH TaK, KaK TPeOyIoT yCjIoBus 3a/a49u. by/ieM Ha3bIBATH KJIEeT-
KaM# [EepBOr0 THIIA Te, KOTOPhle IepPBOHAYAIBLHO ObLIN OEJIBIMU, a
BTOPOI'O THUIIA — T€, KOTOPbIe ObLIN YEPHBIMU. 3aMETUM, UTO €CJIH
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KaKyIO-TO KJIETKY IIePEKPACUIM TPU Pa3a, TO B UTOr€ OHA CBOIl IIBET
ue nomensiia. [losTomy 1y TOro, 9ToOBI KJI€TKa [IEPBOIO TUIA CTa-
Jia 9€pHOii, e€ HyKHO repekpacuthb 3k + 1 pa3 Ipu HEKOTOPOM Iie-
aoM k (117151 pasHBIX KJIETOK Kk MOXKeT OBbITh Pa3HBbIM). SHAYWT, €Ciin
@ — KOJIMYECTBO KJIETOK IIEPBOTO THUIIA, TO 0DIIee KOJIMIECTBO Iepe-
KpaIlluBaHUi 3TUX KJIEeTOK paBHO 3K + a nmpu HekoTopoM 1eyiom K.
YT0o0b! KJIETKA BTOPOrO THIIA CTaja OeJIol, e€ Hy»KHO IIepEeKPACUTh
3m—+2 pasza. 3HAYIUT, ecJid b — KOJIMIECTBO KJIETOK BTOPOTO TUIIA, TO
0011Iee KOJTMIECTBO HEPEeKPAIIMBAHUN 9TUX KJeTOK pasHOo 3M + 2b
pas.

Hasee, B 000M KBajpare 2 X 2 KJIETOK IIEPBOIO W BTOPOIO
Tuna noposHy. [losToMy, Kak O6bI MbI HE IEPEKPAIIUBAJIN, CyMMAaPHO
KJIETKH TIEPBOT'O U BTOPOT'O TUIOB OYYT IEPEKPAIIEHBI OJINHAKOBOE
qucso pas. [losromy 3K +a = 3M+2b, orkyna a+b = 3(M — K +D),
TO €CTb 00Ilee KOJIMIECTBO KJIETOK @ + b JIeuTCs HA TPU. SHATUT
n? KpaTHO TPeM, & II09TOMY U 1 KPATHO TPEM.

Ocrajioch MoKa3aTh, KAK MOXKHO IIEPEKPACATEH KBaJpaT CO CTO-
poHoit, KpaTHOI TpeM. Paspexkem ero Ha kBazpatsl 3 X 3. PaccmoT-
pUM OIMH U3 TaKuX KBaJaparoB. EcTb mBa ciytdas — JinbO yriioBble
KJIeTKH Oesible, Jinb0o 4Yépuble. B mepBoM ciiydae IepeKkpalninBaeM
KazKJIbIl U3 4YeThIpex KBaJApaToB, IIPUMBIKAIONAX K yIvIaM II0 O/I-
HOMY a3y, & BO BTOPOM CJIydae — IO JiBa pasa. JIerko mpoBepursb,
YTO IIPpU TaKOM II€epEKpPallluBaHUN ITaXMaTHasd PaCKpaCKa ITOMEH:I-
eTCs Ha, ITPOTUBOIIOIOXKHYIO.

3ameuaHue. B mgokasareysbcTBe TOro, 9TO 71 JEJUTCI Ha 3,
MOZKHO PacCMaTPUBATBH HE BCE N2 KJIETOK, & N KJIETOK B OIHOM I'O-
PUBOHTAIBHOM WJIM BEPTUKAJIBHOM PsiJly, CKaXKeM, N KJIETOK, IpH-
MBIKaIOIIINEe K HIKHeN CTOpPOHE.

KommenrTapwuii. /lokasano, 9T0 N IOJKHO AEIUTHCA Ha 3 —
4 bana.

[IpuBenen npumep, MOKA3BIBAIOIIUN, UTO IPHU 7, AEJIAIIEMCS
Ha 3, yCJIOBHE 33JaU BBIIOJHUMO — 2 OaJiia.

PaccvoTpenbr Jiuiib HECKOJBKO HEOOIBINUX 3HAYEHUH 1 —
0 6am0B.
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10 kJacc

ﬂaH BbIHyK.HbIﬁ IIATUYTOJIbHUK. HGTH BBIIIACAJI B TE€TPa/Jb 3HAYCHU A
CHHYCOB BCEX €r0 yIJIOB, a Bacsa — 3HadeHust KOCHHYCOB BCEX €r0 yI-
JioB. OKa3aj10Ch, YTO CPeIN BLIIUCAHHBLIX leTeil ynces HeT 4eThIpéx
pazaugHbix. MoryT s Bce 4umcia, BbiucaHnbie 1lereit, okazaTbes
pa3IUYHBIMA ! (H. Aeazanos, 1. Koocesruros)

OtBet. He moryT.

Pentenne. IIpenmnosokuM MpOTHUBHOE; TOTNA BCE YIJIBI MSITH-
yTOJIbHIKA — Pa3JIndHble dncia u3 uarepsaia (0, 7). 3amernm cpa-
3y, uTo Torma y Iletu He HaMAETCST TPEX paBHBIX UHCEs, HOO B 9TOM
WHTEpBaJje HET TPEX Pa3INYIHBIX YIVIOB C PABHBIMH CHHYCAMI.

Suaqut, y [lern mo/KHBI OBITH JIBe TAPBI PABHBIX YHCENT: Sin (v =
= sin 8 u sin~y = sin d. IlockoybKy a # (3, MBI IOJTy9aeM o = m — [3;
AHAJIOTUIHO Y = 7 — 0.

[Iycts Temepb € — MATHIM yroa MATUYTOJBHUKA. 1IOCKOIBKY
CyMMa YIJIOB IATUYTOJIbHUKA paBHa 37, uMeeM € = 31 — (o + ) —
—(y+0) =37 — 7 — 7 = 7. DTO HEBO3MOXKHO, TaK KaK £ < 7.

Kommenrapunii. OrBer 6e3 060cHOBaHUS (HJIH ¢ PACCMOTPEHNU-
eM JINITb KOHKPETHBIX npuMepoB) — 0 6asuios.

Bepno paszobpan Jumb ciaydaii, KOIja TPU CHHYCA pPaBHBI —
2 baJura.

Bepno pasobpan jumib ciaydaii, KOIJa €CTh JIBe ITapbl PAaBHBIX
cuHyCcOB — 4 bGaJuia.

Iletst BBIOpa HATypaabHOE UNCJIO @ > 1 U BBIKACA HA JOCKY IIsIT-
naguars aucen 1 +a, 14+ a2, 1+ a3, ..., 1+ a'®. Barem on cTép
HECKOJIbKO UHCEJI TaK, YTO JIFOObIe JIBa OCTABIIMXCS UHUCIA B3AUMHO
npocthl. Kakoe HanboJIbINIEe KOJTUIECTBO YUCE MOTJIO OCTAThCS Ha
J0CKe? (0. Hodnruncrudi)

OTBer. 4 uncna.

Permenne. Tlokaxkem cHauaja, ITO MCKOMBIX UHNCE] HE MOMKET
OBITH OoJiee YeThIpex. 3aMeTHM, YTO eCId k — HeUIETHOE, TO UHCJIO
1+ a™ = 1% 4 (a™)F nemures ma 1+ a”. Janee, kax0e U3 quce
1,2,...,15 umeer onuna u3 Bunos k,2k, 4k, 8k, rne k meuérno. Ta-
KM obpa3oM, Kaxiaoe u3 uucesa 1+ a, 1 + az, 1+ a3, R al®
nesmrest 6o Ha 1+ a, 6o Ha 1+ o2, mmbo ma 1 + a4, b0 Ha
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1+ ab. [TosTomy, eciiu MBI BO3bMEM XOTsI ObI ISITh UUCETI, TO CPEIU
HUX HAWTYTCS JIBa, JEJANNECS HA OJHO U TO ¥Ke Iucyo, Hobiree 1;
3HAYUT, OHU He OyayT B3auUMHO IPOCTHI. VITak, OCTABIIUXCS TUCETT
He 60J1ee IeThIPEX.

Ocrajioch MoKa3arh, 9TO YETHIPE UUCIa MOIJIA ocTarhes. Jleil-

CTBUTEJILHO, €CJIM @ = 2, TO MOYKHO OCTaBUTHL umciaa 1 + 2 = 3,
1+22=5 1+ 24 =17 u 1+ 28 = 257. Bee oun IIOITAPHO B3aMMHO
IIPOCTBHI.

Bamegyanue. MoKHO [TOKa3aTh, ITO [IPU JIFOOOM IETHOM @ IUC-
nal+a,14a2,1+a* 1+ aB Gyuy nomapro B3anMIO IPOCTHL.

KommenTapuii. Orser 6e3 obocHOBaHUS (MU ¢ PACCMOTPEHH-
eM JINITb KOHKPETHBIX npuMepos) — 0 6asuios.

JlokazaHno, 4To Ha JIOCKE HE MOIJIO OCTATHCS OOJIbIIE YeTHIPEX
qncesa — 5 6asoB.

Ilokazano, 4TO Ha MOCKE MOTJIA OCTATbCS ‘ETBIPE YHCIIA —
2 banna.

10.7. Ham xBagpat n X n. M3HagaabHO €ro KJIeTKH PACKpPaIleHbl B OeIblit
U 9EpHBIN I[BeTa B IMIaXMATHOM IOPSIKE, TPUIEM XOTs Obl OHA U3
YIJIOBBIX KJIETOK YEpHAsdA. 3a OJMH XOJ PA3PEIIaeTCs B HEKOTOPOM
KBaJIpare 2 X 2 OIHOBPEMEHHO IMEPEKPACUTH BXOISIIINE B HETO {e-
TBIPE KJIETKU IO CJIEIYIOMIEMY ITPABUIIY: KaXKIyio OesIyio mepekpa-
CUTH B YEPHBIN IIBET, KarXK/IYI0 YEPHYIO — B 3€JIEHBIN, a KaKIyIo 3e-
Jnéayio — B Oenprii. [Ipn Kakumx n 3a HECKOJIBKO XOJIOB MOXKHO IIO-
JIVIUTD MAXMATHYIO PACKPACKY, B KOTOPOIl YEpHBI 1 Oesblil 11BeTa
[IOMEHSIJINCh MECTaMU ! (B. Tpywumn)

OrtBet. IIpu Bcex n, KPaTHBIX TPEM.

Pentenme. IlpeamosokuM, 49TO HAM yAaJ0OCh IEPEKPACUTH
KJIETKH TaK, KaK TPeOyIoT yCjIoBus 3a/a4u. by/ieM Ha3bIBATH KJIEeT-
KaMU IIepBOTO THUIA Te, KOTOPbIe IEePBOHAYAIBLHO ObLIN Oe/biMU, a
BTOPOI'O THUIIA — T€, KOTOPbIE ObLIN YEPHBIMU. 3aMETUM, UTO €CJIH
KaKyIO-TO KJIETKY IEePEKPACUIN TPHU Pa3a, TO B UTOre OHA CBOIl IIBET
ue nomensiia. [losTomy 1y TOro, 9ToOBI KJI€TKa [IEPBOIO TUIA CTa-
Jia 9€pHOi, €€ HyKHO IepeKkpacuThb 3k + 1 pas3 npu HEKOTOPOM Iie-
aoM k (117151 pasHBIX KJIETOK Kk MOXKeT OBbITh Pa3HBbIM). SHAYWT, €CJIn
@ — KOJIMYECTBO KJIETOK IIEPBOTO THUIIA, TO 0DIIEe KOJIMIECTBO Iepe-
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KpaIlIBaHN} 3TUX KJIETOK paBHO 3K + a mpm HEKOTOpOM IiesioM K.
Yro0bI KJIETKA BTOPOrO THUIIA CTaJa 0eJIoi, €€ HyKHO IEePEKPACUTD
3m—+2 paza. 3uauunT, ecjiv b — KOJMIECTBO KJIETOK BTOPOT'O TUIIA, TO
001Iee KOJIUYIECTBO IE€PEKPAIIUBAHAN 3TUX KJaeToK paBHO 3M + 2b
pas.

Hamee, B 1000M KBajpaTe 2 X 2 KJIETOK IEPBOTO W BTOPOTO
Tuna noposny. [losromy, Kak O6bI MBI HE IEPEKPAIITUBAJINA, CYMMapHO
KJIETKHU TIEPBOI'O U BTOPOT'O THUIIOB OyIyT IePEKPAaIeHbl OJNHAKOBOE
qucso pas. [losromy 3K +a = 3M +2b, orkyna a+b = 3(M — K +D),
TO €CThb 00Ilee KOJIMIECTBO KJIETOK @ + b JIeJIUTCs HA TPU. SHATUT
n? KpaTHO TPeM, a I09TOMY U 1 KPATHO TPEM.

Ocrajioch moKasaTh, KAK MOXKHO IIEPEKPACUTH KBaJpaT CO CTO-
pomnoii, kpaTHoit Tpem. Paspexkem ero na kBajspars! 3 X 3. PaccmoT-
pUM OJMH U3 TAKUX KBaJparToB. EcTh sBa ciiydas — jgubo yrioBble
KJeTku Oejible, ub0 4épHBIE. B mepBoM ciydae mepekpammBaeM
KaXK/IBIl U3 YeThIpeX KBaJPATOB, IMPUMBIKAIONINX K YIJIAM II0 OJ-
HOMY pa3y, & BO BTOPOM CJIydae — IO JiBa pasa. JIerko mpoBepuTsh,
9TO IIPU TAKOM IIEPEKPAIUBAHUU ITaXMaTHAasl PacKpacKa OMEHs-
€TCsA Ha IITPOTUBOIIOJIOZ?KHYTO.

3ameuaHue. B mgokasareysbcTBe TOro, 9TO 7 JEJUTCS Ha 3,
MOKHO PacCMaTpUBATBH He BCE N2 KJIETOK, & N KJIETOK B OIHOM I'O-
PUBOHTAIBLHOM WJIM BEPTHUKAJIBHOM Psily, CKaXKeM, N KJIETOK, IpH-
MBIKAIOINE K HU2KHEW CTOPOHE.

KommenTapwmit. /lokazano, 4To N JIOJXKHO JACIUTHCA HA 3 —
4 Gasa.

[IpuBenen mnpumep, MOKA3LIBAIONINN, UTO HPU N, HEJSIIEMCH
Ha 3, yCJIOBUE 3aJIa9U BBIIOJTHIMO — 2 OaJura.

PaccMmoTpenbl UL HECKOJBLKO HEOOJIBINNX 3HAYCHU# N —
0 6as0B.

B rpameruu ABCD 6okoBast cropora C'D meprieHIuKyJIsipHa OC-
noBanusiM, O — TouKa Iepecedenus juaroHasieit. Ha omumcannoii
oKpyxKHOCTH TpeyroybauKa OC D B3siTa TOUYKa S, IUaMETPAJIBHO
nporuBonoJiozkHast Touke O. Hokaxkure, uro L BSC = LASD.

(B. LImapos)

Pemtennme. Tax kak SO — mumamerp, To £LSCA = £S5CO =
= /SDO = ZS5DB = 90°. [lna pemenns g0CTaTOYHO JTOKA3aTh II0-
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J1061e IPsIMOYTOJIbHBIX TpeyrobHuKkoB SC' A u SD B. JleiicTBure b
Ho, U3 oobust OyIeT cieaoBaTh paseHcTBo yrimos LZCSA = /DSB,
orkyna /BSC = ZCSA—- /ZASB=/DSB — ZASB = ZASD.

Nrak, J0cTaTOYHO MOKa3aTh, YTO A D

é—% = g’% N3 npsmoyrosibHBIX Tpe-

yroapuukoB ADC u BC'D nmeem % = 0

_ CD . CD _ cos Z0DC
~ cos ZOCD * cos ZODC ~— cosZOCD* B O
Tax xkaxk ZOCD = 90° — ZSCD, To Puc. 2
cos ZOCD = sin/ZSCD. Ananoruu-

o cos Z0DC = /Zsin SDC. Orciona

% = % = g—g (mocsteiHeEe PABEHCTBO CJIEYET U3 TEO-

pPeMBbI CHHYCOB), OTKy/la U CJieflyer TpebyeMoe 1oobmue.

Kommenrapuwuii. Haiinenst npsimoie yrust £ZSCO = £5DO —
0 6aJL10B.

3ajiavua CBeJleHA K IOJ00HMIO MPSIMOYTOJIBHBIX TPEYTOJIHLHUKOB
SCA u SDB — 3 6amna.

Jlokazano momobme MPsSIMOYTOJBHBIX TpeyTrobHUKOB SCA n
SDB — e MeHee 5 6aJLIOB.

10



11.5.

11.6.
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11 kJ1acc

Jlokaxkure, 9TO 15T JIFOOOTO HATYPAJBHOIO 7. BBIITOJTHEHO HEpaBeH-
crBo (n — 1)n+1(n + 1)n—1 < n?n, (B. Cendepos)

Pentenmne. Ilpu n = 1 mepasencTso Bepuo, ubo 0 < 1. ITycTb
n > 1. Bamernm, uyto 0 <n — 1 < n + 1, nosromy
(n—1)""(n+1)""1 < (n—=1)"(n+1)" = (n®=1)" < (n®)" = n?",
910 U TPebOBaIOCh TOKA3aTh.

Kommenrtapuii. Tosbko pa3bop KOHKPETHBIX 3HAYEHUN 75 —
0 6am0B.
B BoseitbosibHOM TypHUPE C yIacTueM 73 KOMaH[ KaxK/1asd KOMaHIa
ChITpaJia ¢ KaXKJIoi 110 OMHOMY pa3y. B KoHIle TypHEUpPa BCEe KOMAH B!
pas3/iesiniii Ha JIBE I'PYIIIBI TaK, ITO JII00as KOMaH A ePBOl IPYIIIIbI
onep:kaia n mobel, a odas KOMaHIa BTOPO T'PYIIILI — POBHO 1M
moben. Moryio i oKasaTbest, 9YTo m 7 n? (H. Aeazaros)

OrtBet. He morvio.

Pemnenne. Ilpemmonoxkum, aro m # n. Bcero B TypHEUpE C
yJacTreM 73 KOMaHI ITPOBOIUTCS 73—272 = 36 - 73 urp. Ilycrs z

KOMaH/I OJIepzKaJjii 1Mo N mobes, a ocTajabHble 73 — & KOMaHI — 0 M
nobes. Torma mosywtaem pasencrso z - n + (73 — x) - m = 36 - 73,
orkyna z - (n—m) = (36 —m) - 73. Yucao 73 — mpocroe, mosToMy Ha
HEro JAeJNUTCSI JTUOO MHOXKUTENb X, JU00 MHOXKUATEIb N — m. IlepBoe
HEBO3MOYKHO, TaK KakK & < 73. A BTOpoe HEBO3MOYKHO, TaK Kak 1 <
< 73, m < 73, cienoparesbHo, 0 < |n —m| < 73.

Kommenrapuii. Tosibko orser — 0 6asuios.

11.7. laubl pasnudHble HaTypasjbHble duciaa a, b. Ha koopmumarHOit

IUIOCKOCTH HapuCOBaHbI rpaduku QyHKINR y = sinax, y = sin bx
1 OTMEYEHBI BCE TOUKU WX Tepecedenns. JlokaxKuTe, 9TO CyIIecTBY-
eT HATypaJbHOe YHCJIO ¢, OTJINYHOE OT @, b M Takoe, 4TO rpaduk
dyHKIMM Yy = sin ¢x TPOXOIUT Uepe3 BCE OTMEUEHHBIE TOUKH.
(4. Bozdanos)

Pentenne. Ilycrs as onpenenéaroct a > b.

Ecmu (xg,yg) —oxHa #3 TOUYeK IepecedeHusi, TO sinary —
—sinbzg = 0, win

a—>b a+b
zQ - COS

sin zg = 0.

11



11.8.

XXXVIII Becepoccuiickast MaTeMaTHIECKasT OJTHMITHA8, TIKOJIbHHKOB

Buarut, % b 3 = kr nm (a +b)zg = (2k + 1)7 npu HEKOTOPOM

esioM k, OTKyIa cieyer, aro omHo u3 umcen %=l zo mm 4t ¢
) 9 271— 0 T

LIeJIOoE.
[Togbepém Tereph UNUCIO ¢ TAKOe, YTOOBI BO BCEX TAKUX TOUKAX
a—c .
HHCII0 T3 () TakzKe OBLIO IeJIbIM; TOr/la B 9TUX TOUKaX MbI Oy/iem
NUMEThb

0

a—c a+c
(g - COS

sin zg =0,
wm sin cxg = sinaxg = yg, 9T0 U TpedyeTcs.

17151 9TOT0 TOCTATOYHO MOJIOKAT, HApuMep, ¢ = 2(a’—b%)+a.

Heiicrurenpro, Toraa uncio 45—z = (b—a)- HTG zo = 2(b+
+a)- bz_w & 10 B es10e YucyIo pas3 GoJIbIIe KazKI0ro U3 Jhcel 2;17
u GTH T, TO €CTh sBJsIeTcsd IeabiM. Kpome Toro, ¢ > a > b. 1o

7 O3HAYACT, UTO C YIAOBJIETBOPIET TPEOOBAHUSIM.

Breimyknerit wersipéxyronsauk ABCD rtakos, uro AB - CD =
= AD- BC. Jlokaxwure, uro L/ BAC+ /CBD+ /DCA+ /ADB =
= 180°. (H. Bozdanos, K. Knon)

ITepBoe pemenme. O6o3naunm uepes f(ABCD) cymmy de-
TBIPEX YIVIOB B YCJOBUU. 3aMETUM, UTO €CJAU UETBIPEXYTOJIhb-
unk ABC D Buucan, To yTBep:KIeHue BepHo. eficTBuTebHO, TOTIA
f(ABCD) = (/BAC + £ZCAD) + (/DCA+ ZACB) = ZBAD +
+ /BCD = 180°.

[TycThb Tereps 9eThIPEXYTOJIBHUK He
BrmcaH. Torja omnmcanHas OKPYKHOCTD
TpeyrosibHuKa BCD mepecekaer Ipsi-
myto AC Bropuuno B Touke A’ # A. 3a-
merum, uro f(A'BCD) — f(ABCD) =
= (/BA'C — Z/BAC) + (LA'DB —
— /ADB) = +(/ABA’ — ZADA"), rne
3HAK TEePET MOCTIeHEN CKOOKO 3aBUCHT
ot nopsayka touek A, A’ na mpsamoit AC.
[ockonbky f(A’BCD) = 180°, mam J0CTATOMHO JIOKA3aTh, UTO
LABA' = ZADA'.

ITo ycmoBuio, Mbl nuMeeM éTB = éTD‘ = k. Ilycts paguyc omnu-

a

Lo
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caHHOII OKpy»KHOCTH 4eTerpéxyronpauka A'BC'D pasen R. Torna

_ BC _ cD . _
II0 TeopeMe CHHYCOB 2R = SnBAC = snCATDS YMHOXKad 110
clle/iHee paBeHCTBO Ha k, MOJIydIaeMm AB = AD IIpu-

sin AA'B sin AA'D"
MeHsis TEOPEMY CHHYCOB K TpeyroJbHUKAM ABA" u 74DA’ , TIO-
JyaeM sinilﬁlABA’ - siniﬁ’B - sinia’D - sinilﬁl/ll)A" Wrax,
sin ABA" = sin ADA’, o ectb ;mb6o yrost ZABA' uw ZADA' pas-
HbI, 1100 ux cymMma pasHa 180°. Hakowner, BTopoii ciiydaii HEBO3MO-
JKeH; TEeHCTBUTEIBLHO, CYMMa YIJIOB HEBBIMYKJIOTO Y€THIPEXYTOTHHNI-

ka ABA'D pasna 360°, mostomy ZABA' + ZADA’ < 180°.

Puc. 4
Bropoe pemenune. 13 ycioBus ciemyer, 4To BC = Do Ecmu

AB _ AD

9T OTHOIIeHus paBHbI 1, To Tpeyroibauku ABC u ADC pasHO-
6e/IpeHnbie, 1 9eThIpEXyroabunk A BC' D cuMMeTprudeH OTHOCUTEb-
HO npsimoit BD; suauur, /BAC + /CBD + /DCA+ ZADB =
= /LBAC + ZABD + ZDAC + LADB = ZABD + ZADB +
+ ZDAB = 180°, 4To u TpeboBAIOCD.

[IycTb Terepsb, s ompeIeIEHHOCTH, é—g = é—g > 1. IlycTp

BK u BL—BHyTpeHHsISI U BHEIIHsISI OUCCEKTPUCHI TPEYTOJbLHU-

ka ABC (cu. puc. 4). Torzma ‘;}—Igw = f—éﬁ = é—g = é—g; suaqnt, DK
u DL — BHYTpeHHsIsl U BHEMIHsisI 6bucceKTpuchl Tpeyrojbanka ADC.
Orcrona cienyer, uro /K BL = /KDL = 90°, u 4eTbIpEéXyTroJbHUK
BK DL BuucaH B OKpy>KHOCTb C TIeHTpOM B TouKe O — cepeinHe OT-
peska K L.

N3 pasrobepentoro Tpeyronbunka O K B nonyyaem ZOBK =

= LOKB = /ABK + /KAB = ZCBK + ZCAB, otkyna

13
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/CAB = /0BK - /CBK = Z0BC'. 3uauur, Z/CAB+ /CBD =
= /OBC + ZCBD = ZOBD. Auanorndno, u3 paBHOGEIPEHHO-
ro rpeyroibauka ODK nonydaem ZODA = ZODK + ZKDA =
=/OKD+ /CDK =180° — Z/DCK, orkyna /DCA+ ZADB =
= (180° — ZODA) + ZADB = 180° — ZODB.

Wrak, cymma Bcex 9eTBIPEX yriioB B ycioBum pasua ZOBD +
+180° — ZODB = 180°, nockosibKy Tpeyroabuuk OBD pasrobe-
PEHHBIH. DTO U TPEOOBAJIOCH JOKA3ATh.

Kommenrapwuii. 3amedeno, 4YTO JiJisi BIUCAHHOTO YETHIPEX-
yTOJMbHUKA yKa3aHHas cyMMa yriioB pasHa 180° — 1 6aJur.
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